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An analog of the theorem of D. Jackson on the approximation of periodic
functions by means of trigonometric polynomials is established for some Hardy
spaces of several variables. #1987 Academic Press, Inc.

An important result in the theory of approximation is the theorem of
D. Jackson:

If fis a 2n-periodic function on R with continuous derivatives up to the kth
order, then for every n>0 there exists a trigonometric polynomial P of
degree at most n, such that

k ( IIA

Sup [ f(x)— P(x)|<cn * Sup Sup %_f'(.wh)——k‘/'(.\') .

veR Uil <t ve R ax

This theorem has been generalized and extended to various classes of
functions and moduli of continuity of arbitrary order (see, for example,
[4]). In particular, Storozenko has proved an analog of the above
inequality for the classical Hardy spaces on the unit disc of the complex
plane (see [12, 13]). In this paper we are concerned with an extension of
Jackson’s theorem to other Hardy spaces of several variables. Our main
interest is in approximating distributions in H”(R"), 0<p< +o0, by
means of entire functions of finite exponential type (the analog in R” of the
trigonometric polynomials). However, we shall be able to prove a theorem
of Jackson type in H?(R") only after having established an analog of this
theorem for Hardy spaces on polydiscs and on some tube domains of C".

Section 1 of this paper contains the notation and some preliminary
material which is also of some independent interest. In particular, we
establish a Poisson type summation formula between Hardy spaces on the
polydisc U" = {ze C":|z;| <1}, and Hardy spaces on the poly-half-space
D¥={zeC":.Im. z;>0}. In Sections 2, 3, and 4 we state a theorem of
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Jackson type for Hardy spaces on U”, D", and R", respectively. The proof
of this theorem in H?(U") is essentially that of Storozenko for H?(U). The
proof in H?(D") and H”(R") follows from the result in H?(U") and some
transference methods. Finally, in Section 5 we study the approximation
properties of the Riesz means in Hardy spaces.

1. HARDY SPACES OF SEVERAL VARIABLES

Let UN={z=(z,.,zy)€C":|z] <1} be the unit polydisc in C", and
let TV={z={(z{,..,zy)eC":|z;/=1} be its distinguished boundary, the
N-dimensional torus.

The Hardy space H?(UV), 0<p< +oo, is the set of all holomorphic
functions f on U" for which

Lip

I/ pgrgevy= Sup (f |f("3)tpd:> <+
0<r<l ™

(see [7,8]).

The polydisc is closely related to another domain in CV. Let DV = {z=
(24,0 2y)€CY:Im. z;> 0} be the poly-half-space in C". If (R, )" denotes
the set {y=(y,,..yn)€R" y;>0}, then DV is the tube domain
RY +i(R )N

The Hardy space H?(D"), 0<p< +o0, is the set of all holomorphic
functions f on D" for which

1/p
I/ ooy = Sup (J |f(x+iy)|"dx> <+
RN

ve(R, W

(see [11]).

Finally, we also introduce a “real” Hardy space. The Hardy space
H?(R"), O0<p< +o0, is the set of all harmonic functions f on
RY*'=RVx R, , for which

1/p

I/ ko rmy = <JRN | Sup |f(x, »)II” dx) <+
ve R,

(see [3,9, and 11]).

Although defined on different domains, the three Hardy spaces H?(U"),
H?(D"), and H’(R"), are closely related and share many important
properties. Perhaps the best way to see this is to look at the Fourier trans-
form. Let us start by considering the relation between HP(R") and H?(D").

If fis in H?(RY) (resp. H?(D")), then Lim,_, f(-, y) (resp. Lim, _,
S +ip)) exists in the topology of tempered distributions on RY. Let us
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denote this limit by the same letter /. and let us denote by f the Fourier
transform of this tempered distribution. In the sequel we shall make no dis-
tinction between a function f and the associated (boundary value) tem-
pered distribution f. The support of the Fourier transform of a distribution
in H?(R™) can be all of RY, On the contrary, if this distribution is in
H?(D"), then its Fourier transform has support contained in (R, )".
However, apart from this important difference, most of the properties of
the Fourier transform of distributions in H”(R") are also valid for the
Fourier transform of distributions in H”(D"). This is a consequence of the

following theorem of Carleson [2].

THEOREM 1.1: Let [ be in HP(DVY), O<p< +oc. Then { is also in
H?(R™), and ||f | yoirry < U f | urpr). Vice versa, let {m,} be a finite C”-
partition of unity of RY — {0}, such that every m; is homogeneous of degree
zero and has support contained in a rotation of (R, )". Then, every [ in
HP(RY) can be decomposed as f=Y,f;, where _f,:m,-fl If 6,€ SO(N) Is
suitably chosen, f,o0, is in H'(D"), and || f;= 0| yripvy < Il sar -

An immediate consequence of this theorem is the fact that every mul-
tiplier operator bounded on H?(R"™) is automatically bounded also on
H?(D"™). Moreover, the decomposition of (a tempered distribution) f in
HP(R") into a sum of (boundary values of) functions holomorphic in tube
domains in C" expressed by this theorem preserves the smoothness proper-
ties of /© We shall make use of these observations in the sequel.

So much for the spaces H”(R") and H”(D’”) We want to consider now
the relation between H?(D") and H”(U"). The case of interest for us is
when 0 <p< 1. In this case a Poisson type summation formula between
these two spaces holds.

Let QY= {x=(x,.. xy)€ R": —1/2<x; <4} be the unit cube in R".
Then Q" can be naturally identified with the torus TV via the map
(X0 Xu) = (7™, e7™), and the Lebesgue measure dx on QV
corresponds to the normalized Haar measure dz on TV

THEOREM 1.2. If f is in H'(DV), O<p<1, define J(z)=3, f(k)
(k =k, k) is a mudti-index, and =F = z%v- -+ - 2h3). Then 715 in H”(UV)
and |{_7||HM,,~)< I f N simpmy- Vice versa, if t is a p().sztwe real number, and
flzy=1 Nt 'z), then [, is in H(D"), and Lim, o ™" P Tl vy =
“f”ul'(o‘)-

The inequality H_fll,,p(m,g I /1l 4o pv, generalizes the classical Poisson
summation formula between Fourier series and integrals. The converse
identity Lim, o ™" ") £l ocos, = 1 f | sareos, 1S in some sense motivated
by the following heuristic drgument' The Fourier transform of /, is f(r-)
Hence f(e* ..., e>™¥) =3, f(tk) ™™™ ' and if ¢ is small. this sum is
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similar to the integral ¢ =" | o w (&) €™ 7 dE = f,(x). But || fill yoiomy =
NP npm!

Proof of the theorem. First notice that since f is in H?(D") with
0 < p <1, the Fourier transform f of fis a continuous function supported
in (R,)Y, and f has at most a polynomial growth: |f(¢)<
clif I pripmy 1EIYP =1 (see [11,14], and Theorem 1.1). This implies
that f is well defined, and is a holomorphic function on U". Let
z=(zy,zy)eU", and, if every z; is different from zero, write
,=eM T with xe Q¥ and ye(R,)". Then, since the function
f+iv) is in LY(RY), and (f(- + i) (&) =F(&)e 2™ (see [11]), we
have f(z) =3, f(x+iv+k), by the classical Poisson summation formula.
Hence,

J , |]‘(6,2ru'(x1 + i'vl),,.., L,Zm'(.\w + in))‘ P dx
Io)

ST[ Mecrvshrde=| 1f ()l de

k

Taking the supremum with respect to ye (R, )" on both sides of this
inequality we obtain || 7| v, < 11 aoomy-

Let us prove the converse. Let f(x)=Lim,_,f(x+iy). Then
Lim, ,, f(r(e®™ . e ))y=¢ VY, f(r 'x+¢ 'k) (this series is
almost everywhere absolutely convergent), and to prove that
Lim, Lot "YU 7l oy = £ | mow, it is enough to show that

r

Lim 1 | S k)| dv=| £ (o)

10 ov RV
But

(2 )P =3 1St x4+ k)P
k%0
Slf(t"‘X)I”+ > e x+ k)7,
k%0

and since

N U= d

—»j x)|? dx as t -0,
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and

J SO e rdv< | ) dy

V=0 (A

-0 as t— 0,

the desired resuit follows. ||

2. THE JACKSON THEOREM FOR THE POLYDISC

Let f be a function in H?(U"). The best approximation of f by
polynomials of degree at most » in the H”-metric is defined by

E(n, f, H'(U")) =10l | f = pll yire)s
P

where p(z) =3 ;<. p(k) z* is a polynomial of degree at most n. Let m be a
nonnegative integer, and let ¢ and u be real numbers, with ¢ > 0. Define

az 1= % = (") e

and

N y
0,41, fL H'(UY))=  Sup AT -

<N 'Y

THEOREM 2.1. If fis in HP(U"), 0<p< +oc, then for every positive
integer n we have E(n, f, H"(U")) < cw,,(1/n, f, H'(U")).

The case p=1 of this theorem is well known (see [4]), and the case
p <1 is due to Storozenko (see [12,13] for N=1, and [16] for arbitrary
N). Actually, our proof of this theorem is a simple extension of the
1-dimensional proof in [137; we reduce the problem to one dimension by
means of the slices of the function f.

Sketch of the proof. Let a > —1, and define

I'n+ 1) Mo+1)
I'h+a+1)

m ) 1— 2riuyn + 1\ 2+ 1 )
xZ(—)’( ) [ 2“'%)(——('8 - ) (re?™™) " du

j=1 re

P(z)=
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Then it is possible to verify that P is a polynomial of degree at most n, and,
if & 1s big enough and r=1—1/n,

1f = Pl sromy < cw (1, f; HP(UY)).
The details are as in [13]. |}

COROLLARY 2.2. Let ¢ be a C™-function on R" with compact support,
and such that ¢(E)=1if |E| <1 If f(z) =3, f(k) z¥ and 5> 0, define

D, f(2) =Y $(sk) f(k) 2*.
k

Suppose that f is in H*(U"). Then also &« f is in H(U"), and
1f =@ * fll o) < cols, fo HH(UY)).

Obviously this corollary holds under more general conditions on the
function ¢. However in this case the proof is immediate, and in the next
section we shall need only this weaker result.

Remark. We stated the theorem for the polydisc, but the same proof
holds for other bounded balanced domains D in C" (a domain D in C" is
called balanced if wze D whenever ze D, we C, and |w| <1). It is also
interesting to notice that although the distinguished boundary of D has real
dimension at least N, in the proof of the theorem we used only difference
operators along the direction determined by the slices of D,
D.={wzeC":weC, |w|<1]}. In this context see also [8].

3. THE JACKSON THEOREM FOR THE POLY-HALF-SPACE

Let f be a function in H?(D"). The best approximation of f by entire
functions of exponential type at most s is defined by

E(s, f, H? (DY) = Ii’lf 1/ =gl reomys

where g 1s an entire function of exponential type at most s. Let m be a non-
negative integer, ¢ be a positive real number, and let 4 be a vector in RY
with all entries equal, i.e., #=u(l,.., 1) for some real number u. Define

A7 f(z)= 3 () (’]’.")f(zwh),
ji=0
and
w,(t, f; H/(D")) = Sup 147 fll yoom-

|hl <t
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THEOREM 3.1, 1// is in H"(DV), O<p< +o0, then for every s>0 we
have E(s ', . H'(D™)) < cw, (s, f. H(DVY)).

Again, the case p > 1 of this theorem is well known (see [4, 6]), so that
we shall consider only the case 0<p<1 We first need a couple of easy
lemmas. We recall that f,(z)=¢ Vf(t"'z) and f(z) =Y, f(k) =*.

LEMMA 3.2, @, (s, f,, HF(DM))y =" Yy (t s, f, HP(DV)).

Proof. This lemma is an immediate consequence of the identity
L oy = Y7 DU fl ooy

LemMmA 33. If h=(l...1)eR", and s, u are real numbers, with s> 0,
then (47, f) = 47 f and w,,(s, [, H/(U")) < w,(s, f. H(D")).

Proof. The identity (A:j;,ff:A:j’_f is an immediate consequence of

the equations (A7 1) (&)= (e <—1)"f(¢) and A7 =% = (™K — 1y7 2K,
The inequality w,.(s, f, H” U“")) ,,,( f, H"(D")) is an immediate con-
sequence of the equation (A4 ) = A;j'f and Theorem 1.2.

Proof of the Theorem. As we said before, we consider only the case
0<p<1. Let ¢ be a C*-function on R", with support in {¢e R": || <2},
and such that ¢(&)=1if |&] < 1. If fis in H?(D") define

o2 f(2)= ] d(s8) fie) e e,

so that (@, * /) (E)=¢(s&) f(&). Then & «f is an entire function of
exponentlal type at most 2 ! , and, by Corollary 2.2 and Lemmas 3.2 and
3.3, for every >0 we have

Lo = (P % f) sy S co, st o HI(U™))
<cw, (s, f,, H (DY)
=N Ve, (s, f, HF(DY)).

From this inequality and Theorem 1.2 we obtain

If =@, * [l wripsy = I;”f)‘ NPT = (D xS s,
<cwy(s, f, H(DY)),
and this proves the theorem. |

We conclude this section by stating a second theorem of Jackson type
concerning the relation between the best approximation of functions in
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H”(D") by entire functions of finite exponentional type and the moduli of
continuity of the derivatives of such functions.

Let « be a real number. The Bessel potential /*f of a tempered
distribution f is defined via the Fourier transform by (If)(¢)=
(1—1&1%)"*2f(&). When «>0, I7%*f is a sort of fractional derivative of f,
and indeed one can pass from the Bessel potential to the derivatives via

“nice” multiplier transformations (for example see [4 or 9]).
THEOREM 3.4. If a=0, and if I "*f is in H?(DY), O <p < +oc, then also
fisin H'(D™) and E(s™", f, H(D")) < cs* w, (s, [ *f, H(D™)).

We notice that Theorem 3.1 i1s a particular case (¢ =0) of this theorem.
Actually it is also possible to prove an analog of this theorem with the
derivatives {*/éz*f} instead of the Bessel potential 7~ *f.

Proof of the Theorem. Let ¢ and &, = f be defined as in Theorem 3.1.
Then since the support of (1 —¢(s-)) is contained in {e RY: [¢|=s '}
and (1 —¢(2s&))=11if |€] =5 !, we have

(f— @, +f) (&) =(1—@(sE)) f(E)
= (1= @(2sEN(1 + [E13) (1 — p(sENL + [E17)*2 £(£)
= (1 —g2sEN +[E]7) 22T =D x 1 *f)(E).

2

Now, the operator norm of the multiplier (1 —@(2s-))(1 +|-}*)~*?, acting
on H?(DV), is dominated by ¢s*. This follows from the study of the kernel
associated with the operator I* (see [4,9]), or from the Hoérmander
multiplier theorem for Hardy spaces (see [9, 14]). Hence, by Theorem 3.1,

=@y [l aromy < 8™ T2 = @ I f M o)
<es* w, (s, I, HP(DV)).

Since @, = f is an entire function of exponential type at most 2s ', the
theorem follows. |i

4. THE JACKSON THEOREM FOR R"

Let / be a function in H?(R"). The best approximation of f by entire
functions of exponential type at most s is defined by

E(s, f, H'(RY)) = I?f ILf =&l srrgrm)»

where g is an entire function of exponential type at most s. Let m be a non-
negative integer, ¢ be a positive real number, and let & be a vector in R”.

640 49 3-4
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Define

m

A7 flx, p)= 3 (=) ’(7)_/’(x+jh, »)

J=C

(x is the variable in R", and y the one in R, ), and

w(t, fs H'(R™)) = Sup 47 fll yog e, -

Al <1

THEOREM 4.1. If a2 0, and if I"*fis in H(R"), 0 <p < +0, then also f
is in H/(R"), and E(s ', f, H"(R")) < ¢s* w,,(s, I “*f, H?(R")).

Proof. As in Theorem 1.1, decompose f as f=3,f,. Then for every j
and s we have w,(s, I *f;, H/(R")) < cw, (s, I °f, H(RY)). Since after a
suitable rotation [/ °f; is in H?(D"), the theorem follows from
Theorem 34. |

Remark. By means of Theorem 4.1 and the Hormander multiplier
theorem for Hardy spaces it is not difficult to prove that if fis in H?(R"),
then

@ty fy HP(RM) = Inf (| f = gl snr, + "1 1 78| o)) (4.2)
g

and
Inf (|l f—gll prcrmy + 1711 T 78l o) (4.3)
£

m

dr

>~

f(e5 1)

L]

HI(RY)

where g varies in H”(R"). The estimates (4.2) and (4.3) give two explicit
characterizations of the K-functional between the spaces H”(R") and
I-™HP(R"). This is of some importance in the study of Besov-Lipschitz
spaces defined by means of the H”-metric. In particular, using Theorem 4.1
and estimates (4.2) and (4.3) it is possible to prove that if 0 <8< 1 and
0 < g < +o0, the quasi-norms

0 Wb+ ([ 10 e f RO i)
) A Hr Ryt <L+1‘ [.\""H E(s, f, H?(RM))|4 ds/s) 7

+ Lig
i) L+ ([ 0 U™ S iy )
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are equivalent, and define the Besov-Lipschitz space (H”(R"),
I""H?(R")),, ie., the interpolation space, in the real method of inter-
polation, between H?(R") and I-"HP(R") (see also [4, 5, 6,9, and 15]).

5. APPROXIMATION BY RIESZ MEANS

Let 6 be a complex number with positive real part, and let m be a
positive integer. If f'is in H”?(R"), 0 <p < +o0, the Riesz means {R%>" « f}
of order ¢ and type m are defined by

(R 5 £) (&)= (1 —|s€|™)> f(¢&)

((1—1&1"), =Max{0, (1 —[£|™)}). When m=2 these means are also
called the Bochner—Riesz means, and in this case it is well known that if
Re § is big enough, Re 6 > 5(p), then these means are bounded on H?(R").
The “critical index” d(p) is N/p—(N+1)/2 when 0<p<1, and it is at
most (N—1)|1/p—1/2| when 1 <p< +oo (see {10, 11]. Actually, when
1 < p < +0oo more precise results are known). It turns out that

[ (S i ol [
1+ (€]

&
(1—18m) =( ) (1= Py,

and then by the Hormander multiplier theorem for Hardy spaces, for every
m and every ¢ with Re 6 > d(p), the Riesz means of order & and type m are
bounded on H”(R"™). In other words, Riesz means of different types are
equivalent summability methods.

The approximation properties of the Riesz means of Fourier series and
integrals have been the subject of several investigations (for example, see
[1, 6]). In particular, in [5] Oswald proved that if fis in H*(R),0<p<1,
and if 6 > 1/p— 1, then

1f =R S yinry < cv (s, f, HP(R))

(see also [12] for a related result on the approximation by Cesaro means
of functions in H?(U)). In this section we shall extend the above inequality
to Hardy spaces of several variables. As we shall see this result is a quite
easy consequence of the Jackson inequality in Theorem 4.1, and the
Hoérmander multiplier theorem for Hardy spaces.

THEOREM 5.1. If fis in H?(R™), 0 < p < +o0, m is a positive integer, and
if Re 0 is greater than the critical index 6(p), then for every s>0 we have
If = R % [ vy < (5, fs HP(RYY)).
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Proof. Since the decomposition of a (tempered distribution) f
H”(R") into a sum of (boundary values of) functions holomorphic in tube
domains of C*" in Theorem 1.1 is “smoothness-preserving,” we can suppose
without loss of generality that the Fourier transform of f has support con-
tained in (R,)" (ie, f is in H’(D")). Let @ xf be defined as in
Theorem 3.1, and let d be a (large) positive number. Then

1LF = RI™ * f1l pyo )
< Max{ 1,20 ! }(“(f‘ Dy*f)— Rf'm * (f =Dy * Wy ry,
+ 1Dy * f— R?'m * @ x| HPRYY)-

By Theorem 3.1 and the fact that the means {R%" =/} are bounded on
H?(R"), we have

I(f =Py * )= R * (f =Dy * [ pne
Scllf =Py * Sl rwy
<cw, s, [, H/(R")).
Denote by & the vector (1,.., 1)e R". Then
(@5 f = R # @y % f)(E)

L—(1—]s&I™)? - -
_ (= sl )+)¢(ds§)(e2"""”'“fv1)"’_/‘(@)

2mih- & m
(e 1)

=m(sENA™ ) ().

A moment’s reflection shows that in (R, )" the function m is infinitely dif-
ferentiable and satisfies the assumptions of the Hoérmander multiplier
theorem for Hardy spaces. Thus

[Py *f— R_(:‘m * @,k [l gy < el A7 1] HP(RY)
< cw, (s, f, H'(RY)),

and the theorem is proved. |

REFERENCES

1. P. L. Burzer aND R. J. NEsseL, “Fourier Analysis and Approximation, One Dimensional
Theory,” Birkhiuser, Basel, 1971.

2. L. CarLESON, Two remarks on H' and BMO, Adv. in Math. 22 (1976), 269-277.

3. C. FErrerMAN AND E. M. STEIN, H” spaces of several variables, Acta Math. 129 (1972),
137-193.



JACKSON THEOREMS AND APPROXIMATION 251

. S. M. NikoL'ski, “Approximation of Functions of Several variables and Imbedding
Theorems,” Springer-Verlag, Berlin/Heidelberg/New York, 1975.

. P. OswaLb, On some approximation properties of real Hardy spaces (0<p<1),
J. Approx. Theory. 40 (1984), 45-65.

. J. PEeTRE, “New Thoughts on Besov Spaces,” Duke Univ. Math. Series I, Duke Univ.
Press; Durham, N. C., 1976.

. W. Rupin, “Function Theory in Polydiscs,” Benjamin, New York, 1969.

. W. Rupin, “Function Theory in the Unit Ball of C",” Springer-Verlag, Berlin/Heidelberg/
New York, 1980.

. E. M. STEiN, “Singular Integrals and Differentiability Properties of Functions,” Princeton
Univ. Press, Princeton, N. J., 1970.

. E. M. STEIN, M. H. TaiBLESON aND G. WEISS, Weak type estimates for maximal operators
on certain H” classes, Rend. Circ. Mat. Palermo (2) 1 (1981), 81-97.

. E. M. STEIN AND G. WEISS, “Introduction to Fourier Analysis on Euclidean Spaces,”
Princeton Univ. Press, Princeton, N. J., 1971.

. E. A. STOrROZENKO, Approximation of functions of class H”, O0<p<1, Mat. Sh. 105
(1978), 601-621; Marh. USSR-Sb 34 (1978), 527-545.

. E. A. STOROZENKO, Theorems of Jackson type in H?, 0 <p <1, Izv. Akad. Nauk SSSR
Ser. Mat. 44 (1980), 946-962; Math. USSR-Izv. 17 (1981), 203-218.

. M. H. TaBLESON AND G. WEiss, The molecular characterization of certain Hardy spaces,
Astérisque 77 (1980).

. H. TrieBeL, “Spaces of Besov—Hardy—Sobolev type,” Teubner Studienbuch. Math,,
Teubner, Leipzig, 1978.

. J. VALASEK, On the approximation in Hardy spaces H”, 0 <p <1, of several variables,
Soobshch. Akad. Nauk Gruzin. SSR 105 (1982), 21-24. [Russian].



